The statistical behaviour of the variances, covariance and gradients of the reaction progress variable (c), and the mixture fraction (ξ) have been analysed in a pulverised coal jet flame using a three-dimensional carrier phase direct numerical simulation (DNS) dataset. It has been observed that the Favre-PDFs of c and ξ can be parametrised by the standard β function. Furthermore, the log-normal distribution has been found to accurately represent |∇c| and |∇ξ|. It is also found that ∇c and ∇ξ remain aligned throughout the flame brush. Finally the joint PDF of |∇c| and |∇ξ| has been compared with the product of the PDF of |∇c| and PDF of |∇ξ| extracted from carrier phase DNS, and it has been found that |∇c| and |∇ξ| are not statistically independent in the case investigated.The bivariate log-normal distributions with and without correlation have also been considered, and the former is
Introduction
Coal is one of the most abundant fossil fuels, and is expected to play a dominant role in power generation in the foreseeable future due to its low cost and stable supply. However, coal-fired power plants produce large amount of pollutants, hence it has become important to reduce the environmental Recently, CFD simulations have been performed for pulverised coal combustion using the Reynolds Averaged Navier-Stokes (RANS) [1] and Large Eddy Simulation (LES) [2] [3] [4] [5] [6] frameworks. These approaches are computationally less expensive, but require closures of several quantities appearing in the governing equations. Many recent studies performed using RANS [1] and LES [2, 5] techniques rely on the models developed for gaseous phase combustion, which may potentially lead to erroneous predictions of the pollutants.
Direct Numerical Simulation (DNS) for the carrier gaseous phase can play an important role in providing a detailed physical understanding of the fluid mechanics and chemical processes involved in pulverised coal combustion, as it does not require any modelling for turbulence and turbulence-chemistry interaction. Furthermore, carrier phase DNS data of pulverised coal combustion can also be used to inform closure models needed in RANS and LES simulations. Recently, DNS has made significant contributions to the physical understanding and modelling of spray and gaseous phase combustion [7] [8] [9] using a detailed analysis of the behaviour of progress variable and mixture fraction gradients.
The existing relations between the mixture fraction (ξ) and the progress variable (c) can play an important role in the flamelet modelling of pulverised coal combustion [2, 6, 10] . The statistics of c and ξ (i.e. PDFs and joint PDFs) are essential for the development of flamelet models [11, 12] . Understanding of the statistical behaviour of c and ξ gradients plays a pivotal role in the modelling of (cross-) scalar dissipation rates, which subsequently contribute to the closure of the mean reaction rate. The (cross-) scalar dissipation rate can be defined as :
where Λ i represents the scalar and α is the diffusivity of the scalar.
In many recent studies a presumed PDF approach is adopted [4, 5] , but the statistics of c and ξ and their respective gradients, which are essential for this modelling approach, have received relatively limited attention. Hence, understanding statistical behaviours of |∇c| and |∇ξ| are of fundamental importance for closing the mean/filtered reaction rate. In this work the statistical behaviours of c, ξ and their respective gradients are investigated using a carrier phase DNS dataset of a pulverised coal jet flame [13] .
The paper is organised as follows: the next section provides a description of the DNS data used. The results are presented and discussed in section 3
and the conclusions are summarised in the last section.
DNS data
The carrier phase direct numerical simulation (DNS) data of a pulverised coal jet flame performed by Hara et al. [13] has been used in this study.
This DNS dataset has been validated by comparing the results with the experimental data of Hwang et al. [14] . Note that in this experiment the flame is supported by a gas flame and has a negligible char-burnout [14] .The computational domain for the DNS consists of a rectangular domain of size 500mm×1000mm×500mm, which is descretised by a Cartesian 320 × 1632 × 320 non-uniform staggered grid. The flow enters the domain through an annular pipe in the y direction with a central pipe of 6mm inner diameter (D) and also through a surrounding annulus of 8 mm inner diameter (d).
Air and coal particles are injected through the central pipe at a velocity of 6.37m/s while CH 4 is injected from the surrounding annulus at a velocity of 1.98m/s. A streamwise velocity of 0.25m/s is assigned to the surrounding air. A schematic of the flow configuration is presented in Fig. 1a . For this DNS analysis Newlands coal has been considered and its properties have been provided elsewhere [13, 14] , and thus are not repeated here.
A modified two-step chemical mechanism proposed by Franzelli et al. velocity, temperature and mass. These equations account for heat transfer between the gas and dispersed coal phase, the heat transfer due to devolatilisation, and water evaporation and the mass of chemical species in volatile matter in coal [13] . It is assumed that the shape of the coal particle remains spherical, and collision and breakup of particles are not considered [13] . It is also assumed that the change in particle mass leads only to change in density while the particle diameter remains unchanged, and the influence of gravity on the particles is not considered [13] . Further details of the numerical set-up can be found in [13] . The simulation has been performed using the code known as FK 3 [13, [16] [17] [18] . The coupling between Eulerian and Lagrangian phases is achieved via the Particle-Source-In-Cell approach [13] . A Rosin-Rammler distribution with a number-averaged diameter of 25µm (and a mass-averaged diameter of 33µm) is adopted as the coal particle diameter distribution. Further details on the boundary conditions and grid quality can be found in [13] .
In the post-processing of the carrier phase DNS data, the time (Reynolds) Hara et al [13] ; hence the outer radial region of the jet is not included in the current analysis. Figure 1 shows the instantaneous gradients of the progress variable (c) [11, 19, 20] , and the mixture fraction (ξ) (defined using Bilger's definition as analyses on single-phase gaseous flames with moderate Reynolds numbers [7, [26] [27] [28] [29] it is argued here that the results obtained from this flame would be valid for higher Reynolds numbers. Furthermore, it should be noted that the models developed in the aforementioned gaseous flame DNS studies have performed well for simulating laboratory scale burners with much higher
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Reynolds numbers [30] [31] [32] [33] [34] .
Behaviour and modelling of the PDFs of c and ξ
In order to close the Favre-averaged scalar and cross-scalar dissipation
, the variance and co-variance are needed according to the linear relaxation models [9] , where P (c) = ρ| c P (c)/ρ and ρ| c is the mean gas density conditioned on c and P (c) is the marginal PDF of c. (β m -PDF [36] [37] [38] ) parametrised in terms of mean and variance as : where the coefficients a and b definitions are:
where Λ is a scalar, Γ is the gamma function defined by Γ(z) = ∞ 0
Note that by setting Λ max = 1.0 and Λ min = 0.0, the standard β-PDF is recovered. Figure 4 shows that the standard β function satisfactorily captures the DNS trends.
The Favre PDFs of ξ in Fig. 4 show a monomodal behaviour with distinct peaks at ξ/ξ st ≈ 0, which remains approximately constant at all axial locations examined. While another peak at 1.5 < ξ/ξ st < 2 can be seen, which decreases with the axial distance. This occurs due to the devolatilisation of coal particles and also due to increased mixing in the downstream direction.
In this case a standard β-PDF is able to capture the PDF of ξ extracted from the DNS data. This is consistent with the earlier findings for turbulent spray flames [37, 38] . Several other studies for multiphase flows [37] , and spray combustion [38, 39] have shown that under certain conditions the standard β-function is unable to capture the PDF of ξ; thus Eq. (2)- (4) need to be used, provided that Λ min and Λ max are carefully chosen to avoid negative values of a and b . The issue related to the performance of the standard β-PDF can also occur in the case of coal combustion and caution must be exercised in the choice of PDF for coal combustion.
Behaviour and modelling of the PDFs of |∇c| and |∇ξ|
The closures for (cross-) scalar dissipation of c and ξ require an understanding of the gradients of c and ξ as:
as Λ 1 Λ 2 >> α∇ Λ 1 · ∇ Λ 2 in the context of RANS. Figure 5 shows the PDFs of normalised |∇c| and |∇ξ| at y/D = 2.5 and y/D = 10 for different values of c. The PDFs for |∇c| and |∇ξ| can be approximated by a log-normal distribution for a scalar Λ, parametrised by the log-normal mean (µ) and standard deviation (σ) as :
where further, joint PDF of |∇c| and |∇ξ| is compared with the PDF of |∇c| × PDF of |∇ξ| in Figs. 6 and 7 and it has been found that P (|∇c|, |∇ξ|) and P (|∇c|) × P (|∇ξ|) do not match, which implies that |∇c| and |∇ξ| are not statistically independent.
The joint PDF of |∇c| and |∇ξ| can be approximated by a bivariate log-normal distribution, defined as :
where µ Λ i and σ Λ i are the respective means and standard deviations of Λ i , p is the Pearson's correlation coefficient defined as
, where E(x) is the expected value of x. In Eq. (7) Q is the exponential coefficient :
In the case when p = 0 in Eq. (7)- (8), one obtains Figures   6-7 show the values of f c,ξ using the correlation coefficient extracted from the DNS data and f c,ξ with p = 0 (i.e. no correlation). The expression in Eq.
7 captures the qualitative behaviour of the joint PDF of |∇c| and |∇ξ| with p = 0, whereas the prediction from the bivariate log-normal distribution with p = 0 does not compare well with the DNS data. It needs to be emphasised that the bivariate log-normal distribution captures the qualitative behaviour of the joint PDF of |∇c| and |∇ξ| extracted from the DNS data and serves as a first approximation to guide the modelling effort. 
Conclusions
The statistics of c, ξ and their gradients (|∇c| and |∇ξ|) have been investigated utilising a carrier phase DNS dataset of a pulverised coal jet flame [13] . The variance of the progress variable ( c 2 ) and mixture fraction ( ξ 2 )
have been found to increase with the height of the flame which is attributed to the increased turbulent mixing and devolatilisation of the coal particles.
The covariance ( c ξ ) also increases in magnitude in the middle of the flame, whereas it assumes negative values towards the burnt side of the flame. The findings for gaseous phase combustion [40, 41] . Finally, the joint PDF of |∇c| and |∇ξ| has been compared with the product of PDF of |∇c| and PDF of |∇ξ| extracted from DNS and it has been found that |∇c| and |∇ξ| are not statistically independent for the case investigated. The bivariate log-normal PDFs with and without correlation have also been considered, and it has been found that the presence of correlation leads to an improved agreement with the DNS data although some discrepancies could still be observed due to the difficulties in approximation for PDF of |∇c| and PDF of |∇ξ| with the log-normal distribution.
Further experimental and DNS investigations of the quantities studied in this work are needed under different flow conditions (i.e. higher Reynolds numbers and different flow configurations [44, 45] ) to improve RANS and LES closures for accurate modelling of pulverised coal combustion.
